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1. I 'rcxMIcrM

Contagious distributions are characteristic of many biological

and ecological systc~mn. Nmerouis distributions are developed in statis-

tical and biological literature for dealing with certain contaf-iont1

events (see for exampLe, Johnson and Votz, 1969 chp. 9 and the refer-

ences contained there in). The ,.arkov-PoLya dirtribhition, \which was

derived first by 'anrkov (1917) and later by Polyn in flgenberger and

Polya (1923), is one such distribution. The genesis of this distrih-

tion is generally presented in terms of random drawings of hails from

an urn. Initiaity, it is as.%umed that there aro a white balls and,

b black balls in the urn. One bat is drawn at rnndom and then re-

placed with c. additional balls of the same color. This procedure

is repeated N times. Then the total number, X, of the white balls in

the sample will h,,.,e the M,.arkov-Potya distribution ("PP). A vnst nurl-

ber of interestinf, properties of this distrilution have been Oiscuussed

by Bosch (1.93) an, Pyczka (1072) among others. 7owever., characteri-

7zations of this di.stribution, to the best of this author's knowledge,

are not discussed in the literature. Thus, the pirpose of thi:- paper

is to present cert' n irportant ,nrl intcrestinT ,."ara,.-t-rizatin

theorems concerning the ITT.

First of an, the ?'PD is generated, in section 2. from a pure

birth process. In section 3, a characterization of the 'W'fl is pro-

vided uti lizing the reproducible property of th. NIP. %ho charact eri-

zation theorems, onalogous to thu theorems of P.ao-T' ibin (106A). based

on the concept of d, ani~e models are given in section 4, and section 5

provides four other theorems involving the TPP and the NT3P hased on

conditional distribuftion concept.

I.
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2. PPIP WNtPIFS

Tpt the integer valued randomi variable. t'. denote t:(% size of n'

bioux-,ricai coramini jtOlvic-11 prclhices two types of chilidren. say TYovys

and !-iris f-,- z O o~L f siniplicify. Tv+e', :-(' Y~ rcnote the number-

of boys and fgirIl'!-. N ivev."re N V.-"- Tf the' -icccnL- if-, ofl

X. we say tiat ', i; -rced to Y bY MCIcaS f- "~ 'r- Ptasu'ia

ande I:

(n) ,(kec n :

whier(- a>o, h>o, cj~o and k~o,1, 2,. ,n. I f c. i r; no-,rit i , then (-(-)(n- I <

mil 711 ,b 1 1-; ie'-.o~y m4)> a -- vorial Polyt(I;JAL of the rn-tb

degree wi'tb, rnspectIt ~.- , which IH, r~iven h~v

(242
timf', cdiscro!-'~J~~ prr birth proucss ;-,- f'ro imn5

Jpt tb'l, 0i'j ia proahbil itv o" prrxbji'- i t',oyh be a/(.+11). Tot

tOf- probahi I i 1 or prodlucing ;: boy chnflg( r'i- :.he r~ovth or the

co(Tmrinity -i*7,- so hTa' after haxinr pr~xluc&-l uh i fvn, or mhichi i

awe boys-,$ t.11 pfi'i ty that the noxt 01"spri'-t- is a boy is ('4kc)/

(a~h~tc). 'flue' .nant u is inI erpiretfl n'- ;1 parv-rter of' contagion.

let "(t)=I- r-eprescnt the nizmlw~r of boys -0" of t childrcn. flier' the

trns-t.ion prohabilites,- nre,

P* q't+' )=k+1 fX(t)='k I (a4ku)/(a+b+tc), (2.3)

wherv( a'o, ''o. vyo. nnd t is ai poi-tive integer. Pinrn the tivw nf

totni. prohabii'ty, Ar can write the% uncnitional prohability

~~ALI



P L 1(, 1) = :+j]

P[ "t~lk~l X(t )=I, TTl(1 )=h I~ Prv(W+ )=%+1 I~~4 1l :.(t)=vil I

(2.,l)

fe- k~ Oi.' if we rlrnote-'(t () 1I. using (.)we can

~ (t'D -' _______ " w wth p .) 1.(.)
0 ;''- V0

crinvenijgfl and i~. foi-) -lila ion -I.) is nltaill I

l't t i ni pa'('h q~-h/(r 1) an. r.(+h ,wich v

S1.p+rq-- 11 r -

-17.!;Imc'ar1 di! t -r-o c1~ibt f~ an Nf ol ~ta crr rs spcin 1

e., :or 1imitin7 c r , :-,' 1 II-'I'.) V., , . i nstnnce,

r) o gives the bhinomial, editribu1.ion

i) c -1 gives the hypergc7o-tfric. distribiition

iii c. +1 (with a,h positivo nces gives the negative

hypecrgeomtric distrilmlu.ion.

iv) Theo ?IPT (2.8) tendls to the ne!,-ntive, hinotiru distrilvit ion (rNfl)

with parimnters h/C, ;nd (1+C-3)- as n- , p-+( and r-ouo "_ich that

np--4 and nr-P. Tids limiting distri!-ition is sametimes called



the Polva-Eggenherger distribuition. Because of its importance in the

sequel, we define the i?,BTh as followvs-

Definition: A dliscrete r.,-. 17 is said to have a negative hini-ial dis-

tri'-:..inn wvith parnrmters and p if its probability function (p.f.)

15s r:'"en by

f~i ,Pln n! ra ) q . n=o. 1 2.,. (2.'

On orr, !sirr1, we fl1 rn te thiR p.f. by nb(n;1-.p).

3. 01UNlCTRI7ATION Or, FITT IN TIMM OF

PTIOJCIBILIT'' OF NBP)

The follm~ikr, theorre1 gives a characteri; -:l! ion of the MPP) in terms

of the reproruibility or the NMD.

T7hpren 1: Cbni.'-r' the !Tmily of distrihuticlir); ()k/O2 indexed by the

par-1rT!'-r n=,1 , -. n(! each suipportedx (-,n ir-'il.set (4ri k:L-O. 1I.... ,n)

pfli f:
1 ~1fl'~~+of 0!' T-M n 'oI low -in T, nh(n:(n+h),fc.0). 'Men the

1 ~ ~re~-iltant mixture dirstri.Nfil-ion is, an *2 T'. n1 ~:~,)if, and oni-- if,
t~(k) rQjn) Tht. c, ~(k~) ~--ivr n in ( i] :1 th- llniqiv' solu-

tion o[

I Kn~ (+'/~l~ 1~' ~* (3.1)
n=o

Pr: 'SufficioeX.

In (21,let s(lz jn) he- r iven by the MffDfl then tb'left Fide of (3.1) is

.jk ,c)1 (1-1, .C) - - (ab)/(

0_ C)________ 0, h b(n-k, c) 0h/c (10) n-Ji.

~~~ ~~ n.I'- -------
/1= n-)



'3w sium of tho termsv, in ra1t is nno. Tuthe dlistribution of' tle

mixture is nh)(k.a/c. 0).

7,.;t ,s(l/n) 4:the uniqur sollil. ion of (3-1) rimy N, proved in variouls

ways A on~~~rint on makes i-:e nf the cxonr'-pt ~'corpl(etcness of a

fqn.iuy or r1irzfl-ib1-tiof. J-t, 11w i-eal.l the concept of completencss of

a farily of ut'ibV ions: P { P 0m:f j of :v r.v2', inrl(-e& by thcr

pararyrier rset P, is cop]prte if, for ,my fnct ion .-(Y) inrrepnrlent of

r0, E[FI(N,) I %-0 for every F- 0n.~ iMplic! ;T(, 0 for al I x (excel-t Ix-7-

sibly for a zoe1. of x with prob~tbil ity r ;,rim f or all e c )

!'*( 1iio- Vti I . (k/n) :;;, I isfil-* (2 ~).8inrc htScxe othrr dij -

triltion g(Ik/ni) ;1ilso ~:tsy(. -. w i'v

fl~C)

act nr (j.3 from: (3.2)

r~+.~)r ra~b/n)

T1) -- +a~~c 0 (a /( 1 -0)n
n~o n! (a+h)/c)

where U(n) = s(h/n) - g(k/n). nit i~t is well 1-nown thi:'t thr neetative

binomial is corple te. Tncn, FV"I(n)] 0 irplier '1(n) = C am, hnncr'

I. ~.IL



g(k/n)

2cnalz:A niu1tivari. e ex tension of this theoorem can rqily he stntedl

and proved.

,1. CIPPAC M lI 7AT' 'IcY J)AUflM OV PA!V 2)FI

f~n~sQ/n) ,(4.1)

~di're{ ~n)n~O. .,,.. 1and I -(/n): 1-0,1,1, . ,n) for each n--O are

di5scmete probai lit'~yI:J iititionls. Th1at is, Oi o mrar-ina I istrihition

n-f 7- is { f(ni)j} am'. 1',r cprwl n>O wit 11 f(n)>(Il ,1'' -on" i tion" I Uribution

n f riven ~n:1=.,,. n ~1e

~ I A j~o iamar 1 f ( n) (J h/k

C-
k=0 n~lc+l

Theorem 2. If a (1definedl on non-negative integers is distributed in

nature as an 1TW7 2.2) with pqrr-ners ((a )/,P) and if it is damn.'WvH

and reduced to '.% by the Ir1ov-Thlyat survival trKil (2.1) and further, if 7.

is the resuiltant r-v. , then

i) P(7M-k) =P(N7=k Iclan.ilged) = P(Y-k no danmarg), and

ii) Y has an *,IBPT with paranicters (f~)

Proof: Applyirr, the equiations (4.1), (4.2) and (4.3) the reslilts (i) and

(ii) follow.
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Theimom 3: lect NT Ie a non-negative interer valuedi r.v. -ind let the

probablility that an observation n of N is reduced to 1: drn destruc-

tive process be given by the M.ar1,ov-Poly,1. process (~S.Let X bit the

resuiltant r.-,. Tlrn tenecessary and sufficient. cndition that N has

mn NID is that

p(~k Idamaged) - P1(Y'-k tmndnrnaisec). (4.5)

Proof: U17ecessrv ecrt folloiws, from theor-" 2. To prove sufficiency ive

observe that the, crindiftm-i (4.5) yields

n

C-j 'r)(-,r

r (.j) p. , r) 0 r) (1G
j=0O

TDef inn

10t re -xr o 1:r ay 1;i ,ii,)lItr

Tet G(pt) 7u T(*) (tpt)~ (r) ,.J.j

;vhere (0) T'0) .Tu1 tiplyl n,- the equit ion r~.2 '. 1% k n

surriinrg over 1: frm r, to ~,it 1bccwvus



Since the quantity in the sqtare brackets is equnl to (pt+q) ( r

(4. 2) becorxrs

CG(pt~q) G(p) C, (pt). (4.1 r))

Ptitt ing u I)p('. 1), (1. 1) re~lips to

G(till) ()=

Let (U) = f(il 4-1) and v = -I , this redwrer 1 to ch fiinctional eq~ml ion

the solution Orf v.:hirl is givr n hy X~x) re( x) ~x1

Setting- c (I-F') and V O/r ' (1.1 c,

In order to drk'wri-nn 7(j ) , consider th i (ir:jt i 4

Silbtracting (. 1)fin (4.12) im rft

/r) n -

rFiTT/r) 01/r(-)

vvhich is nb(n; I/c, P~).



V,' no-,-. prove the folloin-, lh1 eorrrns.

7mheorem -1: If N and 7 are two independent r.v's wxhic'i rollimv tile Tp

('.) ithI pnrwmcl *a',' t(, p re-sp~ect iv& --. then tile condi-

1onn] 'bs~ut-on givenY~n is I fe 'MPT C')

Proof: Bv (1-fj ni-,( (-)ro conditijonal pw in~lopt-fi . o

of r.v'.-s -ind Y, we :-'

(x~r e' /c x (n' )bcn-.:

(n+h) P

x

Me iccr)lfl;' HAi Ihr(wn i, alfso whi''' 1 - i*-' v

5. Lt -,t,' 7 be tim indepenflnt li. v- . v'f -'ac that P(N=N-x

K!Y=n) i!- ;Jven 1,y ;7-" !7 (".]), then -anld ,: '.'vo~' with pmr.-

1 ./~c)/::andy~n (ab(lC)n-x-

f m =1 r(X) c % and rv(y) =vfVy) '

r
whlere ui,% ain( w. are srri arbitrary constants ,:zr,.tin: eC, (qI/C) , wxe

h ave'

f(x) = u a (x,C) (q/c)x/x! , Ig(y) vb c ~/)/,



u i1 Me fact 1(x th 11iT11 cos t u -ind)

V arc !:ref m he l~tc pac i,' pi ru''' j..* -- ~ n aro

Th1COIeC7 C: 1fpi~-11'' i- ' -i., ~ 'n id into t o

P' ifr, 77

wm -!( vam-* oiI

1i 'ot 1  :J ," vo': with i-.Iajlr ter> !)?)(I * C vc . rf- Prrf i '-o1

~tl.

ml~. 7:71yd~ r v~irrp-nI Ip~ ' nd on no-'"ati

i f~fre~S iih hri !(Mx) f(x) -' n, f Ix awl' ((V=y)

on-

Y f g(y) =1, rmnd furtiier if, 1) n 4.

v=o

P(P I+Yn) i p(ki?) q(flk. r) / I (n,r), k< n (5.3)

-0, k> n

then (1) p s irndependcmnt of n and equals a cnnst.-nt p for all values

nI



ro, -p( cf. ix' 5-y.

IProo f : incf'- i n(' Y are indtl'pcmtv r.v'-*

wlichi is ijven r-(5.3) for ni I v:1~'~~5 n. For n > n and 0 <

)n n

.rcpil.jin 3l, ;lim l n (n "y o1 '-(~41)d~(4 r(-'Tw'ctiv 'l1 y -'ives;

(%4 1,r) (n-K:r)

Diviin (5) ). (5.1) :ogt

f(1r)- 1, (k.-1 ).- q ~ 1

22 J.L2. r (5. J!:i ini'e-Perxiet o n ind tiv.:,, 2 of (.)f

clirrence~1 and t if

v1-r4'~ r(j)/f(o). 7.m rctl n (5. 7) Is triin fnor al Ii 1,2,.

and thus continued !-mhstitutinti yields

f(n) pnr atn f (o)fIn! 5S

Sinco Z f(n) =1. Min sories (5.8) rmi-t eonverro to inity. Tort the in-

Anotivi qtuntity a~ he equal to (0/r), r o, o < 0 < 1. THir th um or the(

low -

LL--- - -.
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